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Abstract
In this paper, we introduce a notion of α-continuity of fuzzy mappings and some
generalized contractive conditions for α-level sets. Then we prove some theorems on
the existence of common α-fuzzy ﬁxed points for a pair of fuzzy mappings.
Consequently, we obtain some results on metric spaces endowed with binary
relations, and graphs. Further, using α-fuzzy ﬁxed point techniques we obtain
common ﬁxed point results for multi-valued mappings on metric spaces.
Keywords: α-continuous fuzzy mappings; α-fuzzy ﬁxed point; fuzzy mapping; fuzzy
set; fuzzy topology
1 Introduction
In , Zadeh ﬁrstly introduced and studied the notion of fuzzy set in his seminal paper
[], which opened an avenue for further development of analysis in this ﬁeld. Afterward,
it was developed extensively by many researchers, which also included many interesting
applications of this theory in diﬀerent ﬁelds such as neural network theory, stability the-
ory,mathematical programming,modeling theory, engineering sciences,medical sciences
(medical genetics, nervous systems), image processing, control theory, communication,
etc. In , Heilpern [] proved the fuzzy Banach contraction principle for fuzzy con-
tractive mappings on a complete linear metric space provided with d∞-metric for fuzzy
sets. This result is an improvement and a generalization of the well known Nadler con-
traction principle []. Further, Frigon and O’Regan [] extended Heilpern’s result under a
contractive condition for -level sets of a fuzzy contraction on a complete metric space,
where -level sets are not assumed to be convex and compact. In , Azam and Beg
[] proved existence theorems of common ﬁxed points for a pair of fuzzy mappings un-
der Edelstein, Alber and Guerr-Delabriere’s type contractive conditions in a linear metric
space. Later, Azam et al. [] showed existence theorems of ﬁxed points for fuzzy map-
pings satisfying Edelstein locally contractive conditions on a compact metric space pro-
vided with the d∞-metric for fuzzy sets. Besides, there aremany results about ﬁxed points
of fuzzy mappings with diﬀerent contractive contractions.
In , Azam and Beg [] established a common α-fuzzy ﬁxed point result for a pair of
fuzzymappings on a completemetric space under a generalized contractivity condition for
α-level sets via Hausdorﬀ metrics for fuzzy sets, which generalized the results proved by
Azam andArshad [], Bose and Sahani [] andVijayaraju andMarudai [], among others.
Recently, Phiangsungnoen et al. [] extended theAzamandBeg’smain results [] by using
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the concept of βF -admissible pairs which is a generalization of the notion of β-admissible
pairs for multi-valued mappings due to Mohammadi et al. []. For the supremummetric
spaces and ﬁxed points of fuzzy mappings, see also [–]. Other notions of ﬁxed point
in the fuzzy ambient can be found in [, ] (see also [, , , , –]).
In this work, we introduce the notion of α-continuity of fuzzy mappings and we present
some generalized contractive conditions for α-level sets via Hausdorﬀ metrics for fuzzy
sets. We establish common α-fuzzy ﬁxed point theorems under such conditions and we
also show some consequences of our results on metric spaces endowed with an arbitrary
binary relation and on metric spaces endowed with graphs. Finally, we use α-fuzzy ﬁxed
point techniques to deduce common ﬁxed point results for multi-valued mappings. Our
results improve, extend, and generalize many results existing in the literature.
2 Preliminaries
Throughout this paper, we denote by X a nonempty set and X stands for the collection of
all nonempty subsets of X. A fuzzy set on X is a function A with domain X and values in
[, ]. IfA is a fuzzy set and x ∈ X, then the function-valueA(x) is called the grade of mem-
bership of x inA. Given α ∈ (, ], the α-level set of A is the set [A]α = {x ∈ X :A(x)≥ α}. If
X is endowed with a topology, then the -level set of A is [A] = {x ∈ X :A(x) > }, where
B denotes the closure of B⊆ X.
In the sequel, assume that (X,d) is a metric space. For a point x in X and a nonempty
subset A⊆ X, the distance d(x,A) from x to A is
d(x,A) = inf
{
d(x,a) : a ∈ A}.
It is clear that d(x,A) = d(x,A)≥ , and d(x,A) =  if, and only if, x ∈ A.
LetF (X) denote the collection of all fuzzy sets in X (provided with the metric topology)
and let CB(X) be the family of nonempty closed bounded subsets of (X,d). We denote by
{x} the fuzzy set χ{x}, where χA is the characteristic function of the crisp setA ∈ X . Notice
that there exists an injective mapping χ : X → F (X) that associates χA ∈ F (X) to each
A ∈ X , and that lets us see CB(X) as a subset of F (X).










which is symmetric in A and B. It is well known that (CB(X),H) is a metric space.
Deﬁnition  Let X be a nonempty set and Y be a metric space. A mapping T is said to be
a fuzzy mapping if T is a mapping from X into F (Y ).
Remark  The function-value (Tx)(y) is the grade of membership of y in Tx.
Deﬁnition  Let (X,d) be a metric space, let α ∈ [, ] and let S and T be fuzzy mappings
from X into F (X). A point z in X is called an α-fuzzy ﬁxed point of T if z ∈ [Tz]α . The
point z is called a common α-fuzzy ﬁxed point of S and T if z ∈ [Sz]α ∩ [Tz]α . When α = ,
it is called a common ﬁxed point of S and T .
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Remark  Notice that the notion of common α-fuzzy ﬁxed point of S and T depends on
the level sets [Sz]α and [Tz]α . In this sense, it would bemore appropriate to call it a common
α-level set-valued fuzzy ﬁxed point of S and T . However, in order not to complicate the
notation, we follow the original notation introduced in [].
Lemma  Let (X,d) be a metric space and A,B ∈ CB(X), then for each a ∈ A and all b ∈ B
d(a,B)≤H(A,B) and d(a,B)≤ d(a,b).
Proposition  If {xn} → x in a metric space (X,d) and ∅ 
= A ⊆ X, then {d(xn,A)} →
d(x,A).
Proof It follows from the fact that, for all a ∈ A and n ∈ N, d(x,a) ≤ d(x,xn) + d(xn,a) ≤
d(x,xn) + d(x,a). Taking the inﬁmum on a ∈ A, it follows that d(x,A) ≤ d(x,xn) + d(xn,
A) ≤ d(x,xn) + d(x,A) for all n ∈ N. Now, letting n → ∞, we conclude that {d(xn,A)} →
d(x,A). 
Lemma  (Nadler []) Let (X,d) be a metric space and A,B ∈ CB(X), then for each a ∈ A,
ε > , there exists an element b ∈ B such that
d(a,b)≤H(A,B) + ε.
Deﬁnition  ([]) Let X be a nonempty set and let T : X → X and β : X × X → [,∞)
be two mappings. We say that T is β-admissible if
x, y ∈ X, β(x, y)≥  ⇒ β(Tx,Ty)≥ .
Deﬁnition  ([]) Let X be a nonempty set and let T : X → X and β : X × X → [,∞)
be two mappings. We say that T is β∗-admissible if




β(a,b) : a ∈ A,b ∈ B}.
Deﬁnition  ([]) Let X be a nonempty set and let T : X → X and β : X ×X → [,∞)
be two mappings. We say that T is β-admissible whenever for each x ∈ X and y ∈ Tx with
β(x, y)≥ , we have β(y, z)≥  for all z ∈ Ty.
Deﬁnition  ([]) Let (X,d) be a metric space and let α : X → (, ], β : X×X → [,∞)
and S,T : X →F (X) be fourmappings. The ordered pair (S,T) is said to be βF -admissible
if it satisﬁes the following conditions:
(i) for each x ∈ X and y ∈ [Sx]α(x), with β(x, y)≥ , we have β(y, z)≥  for all z ∈ [Ty]α(y);
(ii) for each x ∈ X and y ∈ [Tx]α(x), with β(x, y)≥ , we have β(y, z)≥  for all z ∈ [Sy]α(y).
If S = T then T is called βF -admissible.
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It is easy to see that if (S,T) is βF -admissible, then (T ,S) is also βF -admissible.
Deﬁnition  ([]) Let (X,d) be a metric space, β : X × X → [,∞) and F ,G : X →
CB(X). The ordered pair (F ,G) is said to be β-admissible if it satisﬁes the following con-
ditions:
(i) for each x ∈ X , y ∈ Fx with β(x, y)≥ , we have β(y, z)≥  for all z ∈Gy;
(ii) for each x ∈ X , y ∈Gx with β(x, y)≥ , we have β(y, z)≥  for all z ∈ Fy.
Remark  It is easy to prove that (F ,G) is β-admissible if, and only if, (G,F) is β-admis-
sible. If F =G, then G is called β-admissible (this notion was introduced by Mohammadi
et al. in []).
We will use the following property.
Lemma  Let {xn} be a sequence in a metric space (X,d) and assume that there exists
λ ∈ [, ) such that
d(xn+,xn+)≤ λd(xn,xn+) + λn for all n≥ . ()
Then {xn} is a Cauchy sequence.
Proof By induction, it follows from () that
d(xn,xn+)≤ λnd(x,x) + nλn– for all n≥ .
Therefore, if n,m ∈N verify n <m, then
d(xn,xm) ≤ d(xn,xn+) + d(xn+,xn+) + · · · + d(xm–,xm–) + d(xm–,xm)
≤ (λnd(x,x) + nλn–) + (λn+d(x,x) + (n + )λn) + · · ·
+
(













d’Alembert’s ratio test for series of real numbers guarantees that the series
∑
k≥λk and∑
k≥kλk– are convergent. As a consequence, limn,m→∞ d(xn,xm) =  and {xn} is a Cauchy
sequence. 
3 Common α-fuzzy ﬁxed point theorems
In [], Phiangsungnoen et al. proved the following theorem.
Theorem  ([]) Let (X,d) be a complete metric space and let S,T : X →F (X), α : X →
(, ] and β : X × X → [,∞) be four mappings such that the following properties are ful-
ﬁlled.
(a) For all x, y ∈ X , we have [Sx]α(x), [Ty]α(y) ∈ CB(X).
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(b) There exist a,a,a,a,a ∈ [, ) such that a + a + a + a + a <  and either

























+ ad(x, y) ()
for all x, y ∈ X .
(c) (S,T) is a βF -admissible pair.
(d) There exist x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ .
(e) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+)≥  for all
n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
In this section, we introduce the notion of α-continuous fuzzy mapping and some gen-
eralized contractive conditions for α-level sets via control functions and the Hausdorﬀ
metric for fuzzy sets. Also, we give existence theorems of common α-fuzzy ﬁxed points
for a pair of fuzzy mappings satisfying such conditions.
Deﬁnition  A mapping S : X → F (X) is an α-continuous fuzzy mapping if, for all se-
quences {xn} ⊆ X such that {xn} d→ x ∈ X, we see that {[Sxn]α(xn)} H→ [Sx]α(x).
Let denote by  the family of all functions φ : [,∞) → [,∞) such that there exist
M,N ∈ [, ) verifyingM + N <  and
φ(t, t, t, t, t)≤Mmax{t, t, t} +N(t + t) ()
for all t, t, t, t, t ∈ [,∞). Examples of functions in  are
φ(t, t, t, t, t) = at + at + at + at + at, where a + a + a + a + a < ;
φ(t, t, t, t, t) = amax{t, t, t} + b(t + t), where a + b < .
Next we present the main result of this paper.
Theorem  Let (X,d) be a complete metric space and let S,T : X →F (X), α : X → (, ]
and β : X ×X → [,∞) be four mappings such that the following properties are fulﬁlled.
(a) For x ∈ X , we have [Sx]α(x), [Tx]α(x) ∈ CB(X).















(c) (S,T) is a βF -admissible pair.
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(d) There exist x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ .
(e) At least one of the following properties holds.
(e.) T and S are α-continuous fuzzy mappings.
(e.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+)≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
Proof Since φ ∈ , there existM,N ∈ [, ) verifyingM + N <  and (). Let us deﬁne
μ = N –M –N ≥  and λ =
M +N
 –N ≥ .
ConditionM + N <  implies that
≤ μ ≤ λ < .





)≤H([Sx]α(x), [Tx]α(x)) = .





Since x ∈ [Tx]α(x) and (S,T) is βF -admissible, we get β(x,x)≥ . From this inequality










So x ∈ [Sx]α(x) = [Tx]α(x) and the proof is ﬁnished. Next, assume that M +N > , that
is,  < λ < . Let {εn} be the sequence of positive real numbers given by
εn = λn( –M –N) >  for all n≥ .
Starting from the points x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ , and using repeat-
edly Lemma , we can determine successive points x,x,x, . . . inX verifying the following
properties:
a = x ∈ A = [Sx]α(x) ∈ CB(X), B = [Tx]α(x) ∈ CB(X), ε > 
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a = x ∈ A = [Tx]α(x) ∈ CB(X), B = [Sx]α(x) ∈ CB(X), ε > 





By induction, we can construct a sequence {xn} in X verifying, for all k ≥ ,
xk+ ∈ [Sxk]α(xk ) ∈ CB(X),











Since the pair (S,T) is βF -admissible, then
x ∈ X,x ∈ [Sx]α(x), β(x,x)≥ , x ∈ [Tx]α(x) ⇒ β(x,x)≥ ;
x ∈ X,x ∈ [Tx]α(x), β(x,x)≥ , x ∈ [Sx]α(x) ⇒ β(x,x)≥ .
By induction, it follows that





}≥  for all n≥ . ()




























≤ Mmax{d(xk ,xk+),d(xk ,xk+),d(xk+,xk+)}
+N
(











≤Mmax{d(xk ,xk+),d(xk+,xk+)} +Nd(xk ,xk+) + εk+. ()
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If the maximum in () is d(xk ,xk+), then
( –N)d(xk+,xk+)≤ (M +N)d(xk ,xk+) + εk+
⇒ d(xk+,xk+)≤ M +N –N d(xk ,xk+) +
λk+( –M –N)
 –N
≤ λd(xk ,xk+) + λk+, ()
and if the maximum in () is d(xk+,xk+), then
( –N)d(xk+,xk+)≤Md(xk+,xk+) +Nd(xk ,xk+) + εk+
⇒ d(xk+,xk+)≤ N –M –N d(xk ,xk+) +
λk+( –M –N)
 –M –N
= μd(xk ,xk+) + λk+. ()
In any case, as μ ≤ λ, we deduce, combining () and (), that for all k ≥ ,
d(xk+,xk+)≤ λd(xk ,xk+) + λk+. ()




































≤Mmax{d(xk+,xk+),d(xk+,xk+)} +Nd(xk+,xk+) + εk+. ()
If the maximum in () is d(xk+,xk+), then
( –N)d(xk+,xk+)≤ (M +N)d(xk+,xk+) + εk+
⇒ d(xk+,xk+)≤ M +N –N d(xk+,xk+) +
λk+( –M –N)
 –N
≤ λd(xk+,xk+) + λk+, ()
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and if the maximum in () is d(xk+,xk+), then
( –N)d(xk+,xk+)≤Md(xk+,xk+) +Nd(xk+,xk+) + εk+
⇒ d(xk+,xk+)≤ N –M –N d(xk+,xk+) +
λk+( –M –N)
 –M –N
= μd(xk+,xk+) + λk+. ()
In any case, as μ ≤ λ, we deduce, combining () and (), that for all k ≥ ,
d(xk+,xk+)≤ λd(xk+,xk+) + λk+. ()
And combining () and (), we conclude that
d(xn+,xn+)≤ λd(xn,xn+) + λn for all n≥ .
By Lemma , {xn} is a Cauchy sequence in (X,d). As the metric space X is complete,
there exists z ∈ X such that {xn} → z. We will show that z veriﬁes z ∈ [Sz]α(z) ∩ [Tz]α(z)
distinguishing the cases of hypothesis (d).
Case (e.). Assume that T and S are α-continuous fuzzy mappings. In such a case,
{
[Sxn]α(xn)
} H→ [Sz]α(z) and {[Txn]α(xn)} H→ [Tz]α(z).





























[Sxk]α(xk ), [Sxk]α(xk )
))
.











which is only possible when [Sz]α(z) = [Tz]α(z). Furthermore, as
d
(
xk , [Sxk]α(xk )
)≤H([Txk–]α(xk–), [Sxk]α(xk )) for all k,
we also deduce that d(z, [Sz]α(z)) = , so z ∈ [Sz]α(z) = [Tz]α(z).
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Case (e.). Assume that if x ∈ X and {xn} is a sequence in X such that {xn} → x and
β(xn,xn+)≥  for all n ∈N, then β(xn,x)≥  for all n ∈N. In this case, we have β(xn, z)≥ 




}≥  for all n≥ . ()




) ≤ H([Txk–]α(xk–), [Sz]α(z)) =H([Sz]α(z), [Txk–]α(xk–))






































Taking into account that M + N ≤ M + N < , the previous inequality leads to d(z,





it is possible to prove that z ∈ [Tz]α(z) = [Tz]α(z), and the proof is ﬁnished. 
Example  Let X = [,∞) be endowed with the Euclidean metric d(x, y) = |x – y| for
all x, y ∈ X. Clearly, (X,d) is a complete metric space. Let α,α,α ∈ (, ) be three real
numbers such that α < α < α. Let consider the mappings S,T : X →F (X), α : X → (, ]
and β : X ×X → [,∞) be given by
α(x) = α; β(x, y) =
{





α, if x ∈ [, ] and t = x/,




α, if t = ,
, otherwise.
The following facts are easy to check.
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{x/}, if x ∈ [, ],





As a result, [T(x)]α(x) and [S(x)]α(x) are nonempty, closed, bounded subsets of (X,d).
• The pair (S,T) is a βF -admissible pair. To prove it, let x ∈ X and y ∈ [Sx]α(x) be such
that β(x, y)≥ . Hence x ∈ [, ] and y = . As a result, if z ∈ [Ty]α(y) = [T()]α() = {}, then
β(y, z) = β(, ) = . In the other hand, let x ∈ X and y ∈ [Tx]α(x) be such that β(x, y) ≥ .
Therefore, x, y ∈ [, ) and y ∈ [Tx]α(x) ⊆ {x/, /} ⊆ [, ]. If z ∈ [Sy]α(y) = {}, then
β(y, z) = β(y, ) = .
• If we take x =  and x =  ∈ [Sx]α(x), then β(x,x)≥ .
• We claim that T and S are α-continuous fuzzy mappings. Indeed, let {xn} ⊆ X be a
sequence such that {xn} → x ∈ X. Hence
[Sxn]α(xn) = {} for all n ∈N ⇒
{
[Sxn]α(xn)




{xn/}, if xn ∈ [, ],
{/}, if xn > 
for all n ∈N, then
{
[Txn]α(xn)
} H→ [Tx]α(x) =
{
{x/}, if x ∈ [, ],
{/}, if x > .
• Let us show that T and S satisfy the contractivity condition () using the function
φ ∈  given by









for all t, t, t, t, t ∈ [,∞). Indeed, let x, y ∈ X be such that max{β(x, y),β(y,x)} ≥ . It







H({}, {y/}), if y ∈ [, ],




y/, if y ∈ [, ],
/, if y ∈ (, ).







y/, if y ∈ [, ],
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• The function β does not satisfy condition (e) in Theorem . Indeed, if xn =  – /n
for all n≥ , then {xn} →  and β(xn,xn+) =  for all n≥ . However, β(xn, ) =  <  for all
n≥ .
As a consequence of the last bullet item, Theorem  is not applicable to T and S. How-
ever, Theorem  guarantees that there exists z ∈ X which is an α(z)-fuzzy ﬁxed point of
T and S (in this case, z = ).
Notice that, as the previous example illustrates, one of the main advantages of the con-
tractivity condition () versus () is that we only have to prove it for pairs (x, y) ∈ X × X
such that max{β(x, y),β(y,x)} ≥ , but not necessarily for all x, y ∈ X.
In the following example, we use similar arguments but involving nonlinear mappings.
Example  Let X be the real interval [, ] endowed with the Euclidean metric d(x, y) =
|x– y| for all x, y ∈ X. Given ﬁve real numbers α,α,α,λ,M ∈ (, ) such that α < α < α
and λ <M, let consider themappings α : X → (, ], β : X×X → [,∞), S,T : X →F (X)
and φ : [,∞) → [,∞) given by
α(x) = α; β(x, y) =
{








α, if t = λx,
, otherwise;
φ(t, t, t, t, t) =
{
M log(max{ + t,  + t,  + t}), if t, t, t ∈ [, ],
, otherwise.
The following properties hold.
• For all x ∈ X, [S(x)]α(x) = {λx} and [T(x)]α(x) = {λx}, which are nonempty, closed,
bounded subsets of (X,d).
• The pair (S,T) is a βF -admissible pair. To prove it, let x ∈ X and y ∈ [Sx]α(x) be such
that β(x, y)≥ . Hence x ∈ [, ) and y = λx ∈ [, ). If z ∈ [Ty]α(y) = [T(λx)]α(λx) = {λx},
then β(y, z) = β(λx,λx) =  because λx,λx ∈ [, ). In the other hand, let x ∈ X and
y ∈ [Tx]α(x) be such that β(x, y) ≥ . Therefore, x, y ∈ [, ) and y = λx. If z ∈ [Sy]α(y) =
[S(λx)]α(λx) = {λx}, then β(y, z) = β(λx,λx) = .
• If we take x = / and x = λ/ ∈ [Sx]α(x), then β(x,x)≥ .
• We claim that T and S are α-continuous fuzzy mappings. Indeed, let {xn} ⊆ X be a
sequence such that {xn} → x ∈ X. Hence [Sxn]α(xn) = {λxn} and [Txn]α(xn) = {λxn} for all
n ∈N. As a result,
{
[Sxn]α(xn)
} H→ {λx} = [Sx]α(x) and {[Txn]α(xn)} H→ {λx} = [Tx]α(x).
• Let us show that φ ∈ . Recall that
t
 ≤ log( + t)≤ t for all t ∈ [, ]. ()
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Hence, for all t, t, t, t, t ∈ [,∞) such that t, t, t ∈ [, ],
φ(t, t, t, t, t) =M log
(




 +max{t, t, t}
)≤Mmax{t, t, t}.
AsM < , then φ ∈ .
•We claim that T and S satisfy the contractivity condition () using the function φ ∈ .
Indeed, let x, y ∈ X be such that max{β(x, y),β(y,x)} ≥ . It follows that x, y ∈ [, ). Notice
that
d(x, y) = |x – y|,d(x, [Sx]α(x)) = ∣∣x – λx∣∣,d(y, [Ty]α(y)) = ∣∣y – λy∣∣ ∈ [, ], ()
and also
λy ≤ λy ≤ y ⇒ ∣∣y – y∣∣ = y – y ≤ y – λy = ∣∣y – λy∣∣. ()














∣∣λx – λy∣∣ = λ∣∣x – y∣∣
= λ
∣∣x + y∣∣∣∣x – y∣∣≤ λ∣∣x – y∣∣≤ λ(|x – y| + ∣∣y – y∣∣)
≤ λ(|x – y| + ∣∣y – λy∣∣)≤ λmax{|x – y|, ∣∣y – λy∣∣}
≤ λmax{d(x, y),d(y, [Ty]α(y)),d(x, [Sx]α(x))}





















•The function β does not satisfy condition (e) in Theorem . Indeed, if xn = –/(n+)
for all n≥ , then {xn} →  and β(xn,xn+) =  for all n≥ . However, β(xn, ) =  <  for all
n≥ .
As a consequence of the last bullet item, Theorem  is not applicable to T and S. How-
ever, Theorem  guarantees that there exists z ∈ X which is an α(z)-fuzzy ﬁxed point of
T and S (in this case, z = ).
The following consequence is another way to interpret the contractivity condition that
can be useful.
Corollary  Let (X,d) be a complete metric space and let S,T : X →F (X), α : X → (, ]
and β : X ×X → [,∞) be four mappings such that the following properties are fulﬁlled.
(a) For x, y ∈ X , we have [Sx]α(x), [Ty]α(y) ∈ CB(X).









≤ φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))) ()
for all x, y ∈ X .
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(c) (S,T) is a βF -admissible pair.
(d) There exist x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ .
(e) At least one of the following properties holds.
(e.) T and S are α-continuous fuzzy mappings.
(e.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+)≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
Proof It is easy to see that condition () implies condition (). Indeed, if x, y ∈ X are such




) ≤ max{β(x, y),β(y,x)}H([Sx]α(x), [Ty]α(y))










Therefore, all hypotheses of Theorem  are satisﬁed, and the desired result follows im-
mediately from this theorem. 
Corollary  If a = a in assumption of Theorem , then Theorem  follows fromCorol-
lary .
Proof LettingM = a + a + a and N = a = a, we have
M + N = (a + a + a) + a = a + a + a + a + a < ,









































































































Using φ(t, t, t, t, t) =Mmax{t, t, t} +N(t + t) for all t, t, t, t, t ∈ [,∞), we con-
clude that condition () implies (). 
Remark  If we have supposed M + N < , then Theorem  and Corollary  (case
(e.)) would have been equivalent because, in such a case, condition () also implies ().
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≤Mmax{d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y))} +N(d(x, [Ty]α(y)) + d(y, [Sx]α(x)))


































Therefore, the best thing to do to take advantage of condition () is that we only suppose
M + N < .
In the following results, we present several contractivity conditions that can be reduced
to ().
Corollary  Let (X,d) be a complete metric space and let S,T : X →F (X), α : X → (, ]
and β : X ×X → [,∞) be four mappings such that the following properties are fulﬁlled.
(a) For x, y ∈ X , we have [Sx]α(x), [Ty]α(y) ∈ CB(X).






≤ τ + φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))) ()
for all x, y ∈ X .
(c) (S,T) is a βF -admissible pair.
(d) There exist x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ .
(e) At least one of the following properties holds.
(e.) T and S are α-continuous fuzzy mappings.
(e.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+)≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
Proof Wewill show that condition () implies condition () in Theorem . Suppose that










≤ (τ +H([Sx]α(x), [Ty]α(y)))max{β(x,y),β(y,x)}
≤ τ + φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))).







≤ φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))).
Therefore, condition () in Theorem  holds. By Theorem , we get the desired result.

Corollary  Let (X,d) be a complete metric space and let S,T : X →F (X), α : X → (, ]
and β : X ×X → [,∞) be four mappings such that the following properties are fulﬁlled.
(a) For x, y ∈ X , we have [Sx]α(x), [Ty]α(y) ∈ CB(X).
(b) There exist φ ∈  and τ >  verifying
(





for all x, y ∈ X .
(c) (S,T) is a βF -admissible pair.
(d) There exist x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ .
(e) At least one of the following properties holds.
(e.) T and S are α-continuous fuzzy mappings.
(e.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+)≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
Proof It is easy to see that condition () implies condition () in Theorem . Indeed, if





by using (), we have
τH([Sx]α(x),[Ty]α(y)) ≤ (τ –  +max{β(x, y),β(y,x)})H([Sx]α(x),[Ty]α(y))
≤ τφ(d(x,y),d(x,[Sx]α(x)),d(y,[Ty]α(y)),d(x,[Ty]α(y)),d(y,[Sx]α(x))).





≤ φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))).
This shows that condition () in Theorem  holds. By Theorem , we get the desired
result. 
4 Consequences
In this section, we present some consequences of ourmain results applied to very diﬀerent
contexts: metric spaces endowed with arbitrary binary relations, metric spaces endowed
with graphs.
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4.1 α-Fuzzy ﬁxed point theorems onmetric spaces endowed with arbitrary
binary relations
In this section, we present α-fuzzy ﬁxed point theorems on metric spaces endowed with
arbitrary binary relations. The following notions and deﬁnitions are needed.
Let (X,d) be a metric space andR be a binary relation over X. Let denote
S :=R∪R–,
that is, S is the symmetric relation on X such that, for all x, y ∈ X,
xSy ⇐⇒ xRy or yRx.
Next we introduce the notion ofRF -comparative pair of two fuzzy mappings.
Deﬁnition LetR be a binary relation overmetric space (X,d) and let α : X → (, ] and
S,T : X →F (X) be three mappings. The ordered pair (S,T) is said to beRF -comparative
if satisﬁes the following conditions:
(i) for each x ∈ X and y ∈ [Sx]α(x) such that xRy, we have yRz for all z ∈ [Ty]α(y);
(ii) for each x ∈ X and y ∈ [Tx]α(x) such that xRy, we have yRz for all z ∈ [Sy]α(y).
Here we show a α-fuzzy ﬁxed point theorem forRF -comparative pair on metric spaces
endowed with a binary relation.
Theorem  Let (X,d) be a complete metric space,R be a binary relation over X and let
S,T : X → F (X) and α : X → (, ] be three mappings such that the following properties
are fulﬁlled.
(A) For x, y ∈ X , we have [Sx]α(x), [Ty]α(y) ∈ CB(X).





≤ φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))) ()
for all x, y ∈ X for which xSy.
(C) (S,T) is aRF -comparative pair.
(D) There exist x ∈ X and x ∈ [Sx]α(x) such that xRx.
(E) At least one of the following properties holds.
(E.) T and S are α-continuous fuzzy mappings.
(E.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and xnRxn+ for all
n ∈N, then xnRx for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
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⇒ (xRy or yRx) ⇒ xSy










This implies that condition () in Theorem  holds usingmapping β . Since (S,T) is aRF -
comparative pair, it is also a βF -admissible pair. From (D) and deﬁnition of β , we ﬁnd that
there exist x ∈ X and x ∈ [Sx]α(x) such that β(x,x)≥ . Furthermore, it is easy to see
that condition (E.) implies condition (e.). Therefore, all hypotheses of Theorem  are
satisﬁed. As a consequence, we can ﬁnd a point z ∈ X which is an α(z)-fuzzy ﬁxed point
of T and S. This completes the proof. 
4.2 α-Fuzzy ﬁxed point theorems onmetric spaces endowed with graph
In this section, we study existence of α-fuzzy ﬁxed points on a metric space endowed
with graph. To do that, let (X,d) be a metric space. The subset {(x,x) : x ∈ X} is called the
diagonal of the Cartesian product X ×X and it is denoted by 
. Consider a graph G such
that the set V (G) of its vertices coincides with X and the set E(G) of its edges contains all
loops, i.e., 
 ⊆ E(G). We assume G has no parallel edges, so we can identify G with the
pair (V (G),E(G)). Moreover, wemay treatG as a weighted graph by assigning to each edge
the distance between its vertices.
Next we introduce the notion of GF -edge pair of fuzzy mappings.
Deﬁnition  Let (X,d) be a metric space endowed with a graph G and let α : X → (, ]
and S,T : X →F (X) be three mappings. The ordered pair (S,T) is said to be GF -edge if it
satisﬁes the following conditions:
(i) for each x ∈ X and y ∈ [Sx]α(x), with (x, y) ∈ E(G), we have (y, z) ∈ E(G) for all
z ∈ [Ty]α(y);
(ii) for each x ∈ X and y ∈ [Tx]α(x), with (x, y) ∈ E(G), we have (y, z) ∈ E(G) for all
z ∈ [Sy]α(y).
Now we state and prove an α-fuzzy ﬁxed point theorem for GF -edge pairs on metric
spaces endowed with graphs.
Theorem  Let (X,d) be a complete metric space endowed with a graph G and let S,T :
X → F (X) and α : X → (, ] be three mappings such that the following properties are
fulﬁlled.
(A) For x, y ∈ X , we have [Sx]α(x), [Ty]α(y) ∈ CB(X).





≤ φ(d(x, y),d(x, [Sx]α(x)),d(y, [Ty]α(y)),d(x, [Ty]α(y)),d(y, [Sx]α(x))) ()
for all x, y ∈ X for which (x, y) ∈ E(G).
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(C) (S,T) is a GF -edge pair.
(D) There exist x ∈ X and x ∈ [Sx]α(x) such that (x,x) ∈ E(G).
(E) At least one of the following properties holds.
(E.) T and S are α-continuous fuzzy mappings.
(E.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and (xn,xn+) ∈ E(G)
for all n ∈N, then (xn,x) ∈ E(G) for all n ∈N.
Then there exists z ∈ X such that z ∈ [Sz]α(z) ∩ [Tz]α(z), that is, there exists a point z ∈ X
which is an α(z)-fuzzy ﬁxed point of T and S.
Proof This proof is similar to the proof of Theorem  by considering the mapping β :
X ×X → [,∞) deﬁned by
β(x, y) =
{
, if (x, y) ∈ E(G),
, otherwise. 
5 Application to a common ﬁxed point for multi-valuedmappings
In this section, we study some relationships between multi-valued mappings and fuzzy
mappings. Here, using the concept of β-admissible pair of multi-valued mappings due to
Phiangsungnoen et al. [] (recall Deﬁnition ), we indicate that Theorem  can also be
employed to derive some common ﬁxed point results for multi-valued mapping.
Theorem  Let (X,d) be a complete metric space and let F ,G : X → CB(X) and β : X ×
X → [,∞) be three mappings such that the following properties are fulﬁlled.





⇒ H(Fx,Gy)≤ φ(d(x, y),d(x,Fx),d(y,Gy),d(x,Gy),d(y,Fx)). ()
() (F ,G) is a β-admissible pair.
() There exist x ∈ X and x ∈ Fx such that β(x,x)≥ .
() At least one of the following properties holds.
(.) F and G are continuous mappings.
(.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+) ≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists u ∈ X such that u ∈ Fu ∩ Gu, that is, F and G have a common ﬁxed
point.
Proof Let α : X → (, ] be an arbitrarymapping. Consider two fuzzymappings S,T : X →
F (X) deﬁned by
(Sx)(t) =
{
α(x), if t ∈ Fx,




α(x), if t ∈Gx,
, if t /∈Gx.
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By deﬁnition of S and T , we get
[Sx]α(x) =
{




t : Tx(t)≥ α(x)} =Gx.
Hence condition () turns into condition () in Theorem . Also, we ﬁnd that the other
conditions in Theorem  hold. Therefore, Theorem  can be applied to obtain u ∈ X
such that
u ∈ [Su]α(u) ∩ [Tu]α(u) = Fu∩Gu,
that is, u is a common ﬁxed point of F and G. This completes the proof. 
Remark  Theorem  improves Theorem . of Phiangsungnoen et al. []. Also, The-
orem  extends and generalizes Corollary  of Azam and Beg in []. Moreover, Theo-
rem  is a complementary result of the famousNadler contractionmapping principle [].
By using Corollaries , , and , we get the following results.
Corollary  Let (X,d) be a complete metric space and let F ,G : X → CB(X) and β : X ×
X → [,∞) be three mappings such that the following properties are fulﬁlled.






for all x, y ∈ X .
() (F ,G) is a β-admissible pair.
() There exist x ∈ X and x ∈ Fx such that β(x,x)≥ .
() At least one of the following properties holds.
(.) F and G are continuous mappings.
(.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+) ≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists u ∈ X such that u ∈ Fu ∩ Gu, that is, F and G have a common ﬁxed
point.
Corollary  Let (X,d) be a complete metric space and let F ,G : X → CB(X) and β : X ×
X → [,∞) be three mappings such that the following properties are fulﬁlled.
() There exist φ ∈  and τ ≥  verifying
(
τ +H(Fx,Gy)
)max{β(x,y),β(y,x)} ≤ τ + φ(d(x, y),d(x,Fx),d(y,Gy),d(x,Gy),d(y,Fx))
for all x, y ∈ X .
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() (F ,G) is a β-admissible pair.
() There exist x ∈ X and x ∈ Fx such that β(x,x)≥ .
() At least one of the following properties holds.
(.) F and G are continuous mappings.
(.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+) ≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists u ∈ X such that u ∈ Fu ∩ Gu, that is, F and G have a common ﬁxed
point.
Corollary  Let (X,d) be a complete metric space and let F ,G : X → CB(X) and β : X ×
X → [,∞) be three mappings such that the following properties are fulﬁlled.
() There exist τ ≥  and φ ∈  verifying
(




for all x, y ∈ X .
() (F ,G) is a β-admissible pair.
() There exist x ∈ X and x ∈ Fx such that β(x,x)≥ .
() At least one of the following properties holds.
(.) F and G are continuous mappings.
(.) If x ∈ X and {xn} is a sequence in X such that {xn} → x and β(xn,xn+) ≥  for
all n ∈N, then β(xn,x)≥  for all n ∈N.
Then there exists u ∈ X such that u ∈ Fu ∩ Gu, that is, F and G have a common ﬁxed
point.
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